
Math 3131 Prof. Pennance – Summary of Lecture 7 - Multiplication1

1. Definition of Multiplication

Let m and n be natural numbers. The
product m×n is the repeated addition

n + n + . . . n︸ ︷︷ ︸
m times

2. Example 3× 4 is the number 4 + 4 + 4︸ ︷︷ ︸
3. Interpretations of 3× 4

(a) Set model
“3 groups of 4 objects”

(b) Measurement model
“3 displacements on the number
line, each of size 4” or “3 bars of
length 4.”
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(c) Rectangular array model
“3 rows of 4 objects”

* * * *
* * * *
* * * *

or

Warning: Area not introduced un-
til grade 3 or 4.

4. Properties of Multiplication

(a) Multiplicative identity n× 1 = n

(b) Commutative property n × m =
m× n

4× 33× 4

(c) Associative property

(n×m)× p = n× (m× p)
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The product of three whole numbers l, m and n can be represented as
the volume of a rectangular solid. For example, (3× 5)× 2 is the volume of
the rectangular solid of height 2 built on the rectangle in (9) above:
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Similarly, 3× (5× 2) = (5× 2)× 3 by the commmutative law (8), so that
3× (5× 2) is the volume of the solid of height 3 built on the rectangle with
“verticle” length 5 and “horizontal” length 2:
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The equality of the volumes of these two solids — because one is obtained
from the other by a rotation in space — is then the pictorial evidence for the
truth of (3 × 5) × 2 = 3 × (5 × 2). We remark as in the case of area that
we shall not go into the precise definition of volume but will only use it in
an intuitive way. Again, the concrete numbers 3, 5, and 2 of the preceding
argument can be replaced by any triple of numbers in (7).

Of course, as in the case of addition, there are more general versions of
(7) and (8) for arbitrary collections of numbers. For example, the previous
discussion of the associative law and commutative law for addition ((5) and
(6)) applies to multiplication verbatim, and we know that
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(d) Distributive Property

n× (m + p) = (n×m) + (n× p)
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Finally, the distributive law connects addition with multiplication. It
states that for any whole numbers M , N , and L,

M(N + L) = MN + ML (10)

Recall in this connection

the convention that in the expression MN + ML, we multiply
the numbers MN and ML first before adding.

Again, like the other laws we have discussed so far, the distributive law
(10) is nothing more than a summary of common sense. Pictorially, we have:

Activity: Directly verify (10) using rectangular arrays of dots
to represent multiplication for 1 ≤ L, M, N ≤ 5.

One can also use the area model: if M = 3, N = 2 and L = 4, then 3(2 + 4)
is the area of the following big rectangle:

On the other hand, 3× 2 is the area of the left rectangle and 3× 4 is the
area of the right rectangle. Thus 3(2 + 4) = (3 × 2) + (3 × 4). Again, the
essence of this picture is unchanged when 2, 3, and 4 are replaced by other
triples of numbers.

Clearly, the distributive law generalizes to more than three numbers. For
example:

m(a + b + c + d) = ma + mb + mc + md

for any whole numbers m, a, b, c and d. This can be seen by applying the
distributive law (10) twice, as follows:

m(a + b + c + d) = m({a + b} + {c + d})
= m{a + b} + m{c + d}
= {ma + mb} + {mc + md}
= ma + mb + mc + md

3× (2 + 4) = (3× 2) + (3× 4)

5. Multiplication Strategies

(a) Grade 1-2
Multiplication by 2, 3, 4, 0, 1, 10

(b) Grades 2-3
Mental strategies:

i. Multiplication by 5

ii. 6× 20 by associativity

iii. 6× 40 by place value

iv. Multiples of 9 learned by dis-
tributivity.

v. 7× 14 by distributivity

vi. Squares memorized.

vii. 6× 7, 7× 8 , 8× 9 learned by
distributivity.

viii. Multiplication tables memo-
rized

1Reference: Chapter 1. Elementary Mathematics for Teacher by Thomas Parker and Scott Baldridge


