Math 4032 Prof. Pennance — Summary of Elementary Group Properties

1. Let (G, *) be a group and a,b € G.

(a) (a™) ' =a.
(b) (ab)~ ' =0b"ta"L.
(c) Cancellation property
If a*xc=bx*cthen a=0.

2. Corollaries of cancellation property:

(a) Latin square property.

(b) Let g € G, then the function A, :
G — G defined by A\j(z) = g*x
for all € G is a bijection.

3. Recursive definition of exponential
function n +— a™ where a is an element
of a group G and n € ZZ.

4. Properties of the exponential function:

5. A group G is cyclic if there exists an el-
ement a € G (called a generator) such
that every element of G has the form a™
for some n € 7.

6. Examples of cyclic groups:

(a) All groups of orders 1, 2 or 3.
(b) The group of permutation (under

composition)
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7. Abelian groups.

(a) Additive notation for abelian
groups.

(b) If a*> = e for all a € G then G is
abelian.

(c¢) Cyclic groups are abelian.

(d) If G is abelian then (a*b)" = a™b".

8. The cyclic group of order 4 and table.
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(a) Z, = ({0,1,2,3},+4)

(b) ({2, 4, 6, 8}, X10>

(c¢) Rotation group of the square.
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(d) {z € € : 2* = 1} under complex
multiplication.

9. The Klein group.
If a group K = {e, a,b,c} of order 4 has
no element of order 4 then necessarily
K has multiplication table
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(a) The group of permutations
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(b) The symmetry group of a rectan-
gle.

(c) ({0,132, (42, +2))
(d) (24, A) where A = {a,b}.
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(e) The group {=id, :I:—d} of real val-
i

ued functions under composition.

10. The cyclic group of order 5 and table.

11. The symmetry group D, of a regular
n-gon.



