Math 4032 Prof. Pennance — Summary of Lecture on Isomorphisms

. Let f: (G,®) — (H,*) be a group ho-
momorphism. The kernel of f, is the
set

ker f={g€G: flg) =en}

. Let f: (G,®) — (H,*) be a group ho-
momorphism.

(a) ker f < G

(b) f is injective if and only if

ker f = {eq}.

(¢) imf < H

(d) If G' < G then fl¢'] < H

(e) If H' < H then f7'[H] <G

3. An homomorphism of groups which is

also bijective is called an isomorphism.
Two groups G and H are called iso-
morhpic (written G ~ H) if there is an
isomorphism from G to H.

Examples of isomorphisms:

(a) The identity function on any
group.
(b) log: (R*,-) — (IR, +) where
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logx:/ —dt
1t

Corollaries: log1 = 0 and
logz™! = —logx

(¢) Congugation (C,+) — (C,+) de-
fined by x + 1y — x — iy.

(d) The Dihedral group D3 is isomor-
phic to the permutation group

@
L] L] K\. L]
T (/7 L] 'O
- y ()
(e) The Dihedral group D is isomor-
phic to
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(f) Let x oNs By be

the usual coding of subsets
of INg by binary numbers e.g.
{1,2,4,5,6,8} —> 11011101
Notice Bg is a group under the
addition modulo 2 operation

XOR = <+27 +2, +2, +2, +2, +2, 2, +2)

and x : (2]NS,A) — (Bs, XOR) is

an isomorphism.
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4. (Categorical property) If f: G — H

and ¢ : H — K are group homo-
morphisms, then so is the composition
gof:G— K.

. The inverse function of an isomorphism

is an isomorphism.

Corollary: el®+t) = eoeb



