
Math 4021 – Prof. Pennance – Turing Machines

1. Let f be a function. Informally, a
procedure for the evaluation of f is
called “effective” or “mechanical” if it
can be expressed by a finite list of fi-
nite instructions which together spec-
ify a finite number of paper and pencil
operations which without the help of
human ingenuity produce the value of
f(a) for each a.

2. Example: Let F be the set of formu-
lae of CP the propositional calculus
and let χT : F → {0, 1} be the charac-
teristic function on the set T of prov-
able formulae defined by:

χT (F ) =
{

1, if ` F ;
0, if ¬ ` F ;

Let F ∈ F . It is a theorem of CP
that if F is semantically true, then it
is also provable i.e.

|= F ⇒ ` F

It follows that the truth table proce-
dure is an “effective” procedure for
evaluating χT or equivalently for solv-
ing the decision problem “is F prov-
able?”.

3. Remark. The problem in (2) above,
in the case of an arbitrary formal sys-
tem, is known as Hilbert’s Entschei-
dungsproblem “find an effective pro-
cedure which decides for given state-
ment F whether or not it is logically
valid (i.e. whether or not ` F ).

4. The rough definition of “effective
computability” will now made pre-
cise by appropriately defining the no-
tion of “algorithm” using the the no-
tion of a deterministic Turing machine

DTM. The description of such a ma-
chine will guarantees that any “Tur-
ing computable” function is “effec-
tively” computable in the rough sense
discussed above. Conversly, Turing’s
“thesis” assumes that every effectively
computable function is Turing com-
putable. In this way, we identify the
class of of effectivly computable with
Turing computable functions.

5. Turing’s thesis is not a theorem. It
cannot be proven since the rough no-
tion of effectively computable func-
tion as defined in item 1 is not a
mathematical notion but an assump-
tion based upon human experience.
However, the identification of effec-
tive computability with Turing com-
putability permits a mathematically
precise definition of effective proce-
dure or algorithm.

6. Another approach due to Church ex-
presses this thesis in terms of recur-
sive functions: Effectively computable
functions are recursive.

7. A deterministic Turing machines
(DTM) consist of an infinite tape and
a read write head as depicted below.
The positions on the tape are called
cells and numbered as shown.

· · · −2 −1 1 2 3 · · ·
· · · b b 1 0 1 0 0 b · · ·

↑
q0

8. A program for a DTM is a quadruple
(Q,Σ,Γ, δ) where



(a) Q = {q0, q1, . . . , qm, qY , qN} is a
finite alphabet of elements called
head states. q0 is called the start
state. qY and qN are the final yes
and final no states.

(b) Γ is a finite set whose elements
are called tape symbols, one of
which denoted b is called blank

(c) Σ is a subset of Γ \ b. The ele-
ments of Σ are called input sym-
bols.

(d) δ is a function

δ : Q\{qY , qN}×Γ→ Q×Γ×{+1,−1}

called the transition function.

9. The mode of operation of such a DTM
is as follows:

(a) Initialization

i. The head position is initial-
ized to cell 1

ii. The head state q set to q0

iii. An input word w ∈ Σ∗ is
placed in cells 1, 2, . . . , |w|.
one symbol per cell.

iv. The blank symbol b is placed
in all other cells.

(b) Iteration: If q 6∈ {qY , qN} is cur-
rent head state and σ is value
in current cell and δ(q, σ) =
(q′, σ′, d) then

i. Head writes σ′ in place of σ

ii. Head state is changed from
q to q′.

iii. Head moves left if d = −1 or
right if d = +1.

iv. If q′ ∈ {qY , qN} stop.

10. Since δ is a function, the operation of
the DTM is completely determined by
the graph of δ i.e. by a list of quintu-
ples (q, σ, q′, σ′, d). (Notice that only

one quintuple can begin with a given
pair (q, σ).)

11. Example: Let
Q = {q0, q1, q2, q3, qy, qN}
Γ = {0, 1, b}; Σ = {0, 1}
Define a transition function δ by the
table:

0 1 b
q0 (q0, 0,+1) (q0, 1,+1) (q1, b,−1)
q1 (q2, b,−1) (q3, b,−1) (qN , b,−1)
q2 (qY , b,−1) (qN , b,−1) (qN , b,−1)
q3 (qN , b,−1) (qN , b,−1) (qN , b,−1)

12. The following digraph shows the ef-
fect of the tape symbol on each head
state.
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The vertex set V is the set of head
states, and for each tape symbol γ
an edge qq′ is drawn where q′ is the
unique head state satisfying δ(q, γ) =
(q′, γ′, d) for some γ′.

13. The operation of the DTM is depicted
below for input string 10100. It is sim-
ple to check that for this input the
machine stops on qY .

(a)

· · · b b 1 0 1 0 0 b · · ·
↑
q0

(b)

· · · b b 1 0 1 0 0 b · · ·
↑
q0



(c)

· · · b b 1 0 1 0 0 b · · ·
↑
q0

(d)

· · · b b 1 0 1 0 0 b · · ·
↑
q0

(e)

· · · b b 1 0 1 0 0 b · · ·
↑
q0

(f)

· · · b b 1 0 1 0 0 b · · ·
↑
q0

(g)

· · · b b 1 0 1 0 0 b · · ·
↑
q1

(h)

· · · b b 1 0 1 0 b b · · ·
↑
q2

(i)

· · · b b 1 0 1 b b b · · ·
↑
qY

14. A DTM program M is called an algo-
rithm if M halts (either in qY or qN)
for all input strings in Σ∗

15. Example: The DTM program in (11)
above is an algorithm.
It is easy to see that:

(a) The tape head initially moves to
the right without writing to the
tape or changing state until a
blank is encountered.

(b) The head state then changes to
q1. from which it can never
return to q0. Henceforth the
head moves left and writes only
blanks.

(c) If the input string ends in 00
then the program will stop on
headstate qY . Otherwise it stops
on qN .

16. We say that a DTM program M ac-
cepts a string x ∈ Σ∗ if M halts in
state qy when given input x.

17. The set

LM = {x ∈ Σ∗ : M accepts x}

is called the language recognized by
M .

18. Example: The language recognized by
M in (11) above is

LM = {x ∈ {0, 1}∗ : x terminates in 00}

19. A decision problem (roughly speak-
ing, is a problem with a yes-no solu-
tion.

20. Example
Problem Π: Integer Divisibility
by Four
Instance: n ∈ IN
Question: ∃m ∈ ZZ such that
n = 4m?

21. Each instance n of the problem Pi
can be encoded as a word in the uni-
versal language {0, 1}∗ by the func-
tion e : IN → {0, 1}∗ given letting
e(n) be the binary representation of n.
Now binary number is divisible by 4 if
and only if it terminates in 00. Thus
the “Yes” instances of Pi are precisely
those binary numbers termination in
00.



22. More generally, let Π is a problem
with encoding e in alphabet Σ. Then
the set L((Π, e) of words σ ∈ Σ∗ which
encode a yes instances of Π is called
the language determined by the deci-
sion problem Π under the encoding e

23. A DTM program M is said to solve a
decision problem Π if

(a) M is an algorithm (i.e. halts for
any input string)

(b) LM = L((Π, e)

24. Example: The discussion shows that
the algorithm M given in (11) solves
the problem Π: Integer divisibility by
4.

25. Notice that decision type problems
can often be reduced to the evaluation
of a corresponding “problem” func-
tion fΠ : Dπ → {0, 1}. The problem

of divisibility by 4 has problem func-
tion f : IN→ {0, 1} is given by:

fπ(n) =
{

1, if 4 divides n;
0 if otherwise ;

This function is Turing computable in
the sense that the algorithm M can
easily be modified to ouput the value
of f for any encoding of an instance
n ∈ IN of Π.

26. Example. Let Σ be an arbitrary al-
phabet and L ⊆ Σ∗ a language in L.
Given a word σ ∈ Σ∗ the problem of
determining whether or not σ ∈ L is
called the recognition problem RP for
L. From our discussion, a solution of
RP is an algorithm M which accepts
L, i.e.

(a) M stops for all σ ∈ Σ∗

(b) M stops on qY if and only if
σ ∈ L.


