Math 3023 — (Philip Pennance http://pennance.us/) — Functions II

. The function = — |z|, 2z € IR whose
graph (sketched below) is given by

x, if x > 0;
f(x)_{—x, if x <0;
is called the absolute value function.
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. Let F' be a point the plane and D a
line not containing F. Let d(P, D) de-

note the perpendicular distance from P
to D. The set

{PcR?:d(P,F)=d(P,D)}

is called the parabola with focus F and
directriz D.

. The graph of the function given by
f(x) =2?, z € R is a parabola.

Proof. Let D be the line with equa-
tion y = —1/4, F the point (0,1/4),
and, P = (z,y). By the distance for-
mula (exercise), the condition d(P,F) =
d(P, D) is equivalent to z* = y. This
shows that the graph of f is the the
parabola with focus (0,1/4) and direc-
trix y = —1/4.

4. Let F' be a point the plane, D a line

not containing F' and € > 1. The set
{PcR?:d(P,F) = ed(P, D)} is called
the hyperbola with focus F' directriz D.
The constant € is called the eccentricity.

. The graph of f(z) =1/z, z€R -0

is the hyperbola H with directriz D the
line y = —x + /2, focus F = (v/2,V2)

and, eccentricity € = v/2.

Proof. Let P = (z,y) € H. Then,

(exercise),
d*(P,D) = ;(x +y—v2)
By the distance formula
d*(P,F) = (x = V2)* + (y — V2)*
It easily follows that the condition
d(P,F) = V2 d(P,D)
is equivalent to

y=1/z, z€R -0
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6. The graph of the function f(z) =
V1 — 22, with domain [—1, 1] is a semi-
circle. . | (b)
Proof. Let S be the unit circle with
equation 22 + > = 1. Let (x,y) €
Gy, then y = /1 —2? which implies ¥
z? + y* = 1. This shows that G; C S \
But v1—22 > 0 so Gy must be con- \
tained in the semicircle which is the in- \
tersection of the upper half plane with —1 -
S. Moreover, since every non negative 1
number has a principal square root, the \

graph Gy must consist of all points on
this semicircle. \\@—1

7. An infinite number of functions satisfy
the equation 2% + y? = 1 Let f be any
such function. Let (z,y) € Gy. Since
2? + y* = 1 the point (x,y) must lie T\
on the unit circle S. Hence Gy C S.
There are many subsets of the unit cir-
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cle which are the graph of a function. 11 ! v
Three such are shown below. :
(a) ‘
) ,,/é\)
_1 y 1 |
¢ $=2
/ Each of these functions is said to
/ be implicitly defined by the equa-
tion 22 +y? = 1.
Exercises
1. Show that the parabola with focus F' = 2. Find the focus and directriz of the
(0,p) and D the line y = —p is the parabola y = ax?.
1
graph of the function f(z) = —a?.
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. Show that the expresion
T, if v > 0;
fz) = {—3:, ifx <1
does not define a function.
. Show that
{(m/n,m) :m,n €Q,n # 0}

is not the graph of a function.

. How many relations are there with
domain {1,2,3,4} and codomain
{a,b,c}.?” How many functions?.

. The conditions f(n) = 2f(n — 1),
f(0) = 1 define the graph of a func-
tion with domain IN. Find f(10). Given
that f(a) = 2048) find f(a — 3).

. Attempting to define f(z) in terms of
f(z) does not generally define a func-
tion. Show that the expression

if v =1;

17
f(x) =< 1+ f(z/2), if z is even;
fBx—1), if zisodd;

does not define the graph of a function
with domain IN.

. Verify that the graph of the function

f(z) = /x, x > 0 is one half of a
parabola. Find the focus and directrix
of this parabola.

. A function f : R — R is called lin-

ear if for all real numbers x and y and
constant c.

Ll.  flz+y) = flx)+ f(y)
L2.  f(cz) = cf(x)

(a) Let m be a constant. Show that a
function of the form f(x) = max is
linear.

(b) Show that the function f(z) =
max + b with b # 0 is not linear.

(c) Show that the absolute value func-
tion is not linear.



