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Finding the image of a function

Let f: A — B. Recall that the image of f is the set

im f={f(a):a€ A}.

It follows that b € im f, if and only if Ja € A such that f(a) = b. Therefore, to check that a
given element b € B is in im f it suffices to show that the equation: f(x) = b has a solution
x € A. The image of f is just the set of b € B such that f(z) = b has a solution. Finding
this set may be easy or very hard depending on the nature of the function f. We illustrate
with some simple examples.

Example Let f:{z € R:z >0} — R, be given by f(z) =/z. Find im f.

Solution The equation f(x) = b is equivalent to /x =b, = > 0. We are required to find
the set of all elements b in the codomain IR for which this equation has a solution. If b < 0
there is no solution since, by definition, the principal square root is non negative. If b > 0
then Vb2 = |b| = b and so x = b? is a solution of the equation f(z) = b. Thus im f =
{reR:z>0}.

Example Let f:{x € R:2 >0} — R be given by f(z) =/ + 7. Find im f.

Solution The equation: f(z) = b is equivalent to v/ +7 =b, x > 0. We must find the
set of all elements b in the codomain IR for which this equation has a solution. If b > 7, then

b— 7> 0. In this case:
VO=T7)24+7 = |b=T7+7
b—T+7
= b
Therefore x = (b — 7)? is a solution f(z) = b. On the other hand if b < 7, the equation
f(z) = b has no solution since /(b — 7)? is non negative by definition. We conclude that
imf={beR:b>T}

Example Let f: IR — IR be given by f(z) = V% + 1, find im f.

Solution The equation f(x) = b is equivalent to vz2+1 =10, 2z € R. If b < 0 this clearly
has no solutions. On the other hand if 6 > 0

»2?+1 = b
= 2+1 =
= x? = -1
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Clearly if b* < 1 there is no solution. If ¥> > 1 then

=V -1l=z=V—-1lorz=—Vb -1

Sustitution reveals that both of these are solutions. Thus f(z) = b has solutions if and
only if b > 0 and 6* > 1. But b > 0 and b*> > 1 is equivalent to b > 1. Hence
im f={becR:b>1}.

Example Let f: IR — IR be given by f(z) = —3 — |2z|. Find im f.

Solution
flz) =1
& —3—2z|=0, z€R
& |2z =—(b+3)

Clearly if b > —3 this can have no solutions. On the other hand, if b < —3, then x = Z’J“T?’ is
a solution since

fl@) = —3—[2%2
= —3—|b+3|
= (=3)+(b+3) (sinceb+3<0)
= b

Hence im f={beR:b< -3}



