MATH 3023- Prof. Pennance - Order: Summary and exercises

Order

1. We asume the existence of a subset
IRZ C R called the set of non-negative
real numbers possessing the following
properties which we use as axioms:

O1. If 2,y € R= then z +y € R= and
zy € R=. (closure)

02. For all z € R, either z € R= or
—z € R=.

03. If x € RZ and —x € RZ then
xr = 0.

2. Let z,y € IR. We say that x is less
than or equal to y written x < y if
y —x € IR=. In this case we also say
that y is greater than or equal to x and
write y > x. (Thus y > x is equivalent
tox <y)

3. Claim 0ec R2

Proof
By 02. either 0 € R= or —0 € R=.
But —0 = 0.

4. Claim The binary relation < is an or-
der. i.e., for all z,y, 2 € IR the following
are true:

(a) x <z (reflezivity).

(b) x <yandy < x thenz =y
antisymmetry)

(

(c) (r<yandy<z)=r<z
(transitivity.).

Proof

(a) Reflexivity. —2 =0 € IR=. Hence

r <z

(b) Antisymmetry. Suppose z < y
and y < z. Then y — 2 € IRZ and

r—y€RZ Buty —2=—(r—y) so
by O3.  —y = 0. Therefore x = y.

(c) Transitivity. Suppose z < y and
y <z Theny—x € R>and z —y €
IR=. Hence by the closure property O1.
(z —y) + (y — x) € RZ. Therefore
2z — 2 € RZ which means z < z.

. Let z,y € IR. We say that x is less than

ywritten z < yifx < yandx # y. The
set of positive real numbers is defined to
be the set R" ={z € R: 0 < z}.

. Let a,b € R with a < b. The following

sets are called intervals.

={reR:a<z<b}

b)
(b) [a,b) ={r e R:a <z <b}
(c) (a,b) ={reR:a<xz<b}
(d) (a,00) ={r€eR:a<zx}
e) [a,00) ={reR:a <z}
)

(—00,a) ={reR:x <a}
(g) (—o0,al={reR:z<a}
Notice that a square bracket is indicates

that the corresponding endpoint is in-
cluded in the interval.

Exercises

1. Let z,y € IR. Prove the following:

(a) If z <y and ¢ <0 then cx > cy.
(b) If x <y and 0 > ¢ then cz > cy.

(c) f x <yand z € R then z + z <
Y+ z.

(d) If 2,y € R and x < y then
z? <y

(e) 0 < 22

(f) If z < x then 4oy < (z + y)?



(g) If z,y € R?
r+vy

then /ry <
(This result is called

the arithmetic—geometric mean in-
equality)

2. Let a,b,c,d € R. Suppose that a < b
and ¢ < d. Which of the following are
true. Prove or disprove your answer.

(a) ac < bd

(b)y a—c<b-—d
(¢) a/e<b/d
(d) atc<b+d

={r € R: 2 < 3} and
B={reR:z<4}). Let A=R\A
and B = IR\ B be the complements of
A and B. Sketch each of the following
sets on the number line or say if it is
empty.

(a) ANB (e) ANB
(b) ANB (f) AnB
(¢c) AUB (g) AUB
(d) AUB (h) AUB

4. Find real number a,r with » > 0 such
that the following statements are equiv-
alent:

(a) —7T<z<-—1.
(b) |x —a| <.

5. Show that NONE of the following

statements are true for all real numbers.

. Find an upper bound for

For each statement find the set of real
numbers for which it is true.

(a) z > —x

(b) =z <0

(c) If z < 2 then 2? < 4
(d) If /x>1thenx<1
(e) Va2 =z and Va2 =
(f) Va2 =
Solve

(a) 1/ >1

(b) 1/ >0

(c) z*(z—1)>0

(d) 2% > 2?

() |of* = 2?

Let z,y be real numbers with x > y.
Show that 23 > y3.

Let a, b, ¢ be natural numbers.
If 1 <a<b< cshow that

bc+ac+ab 11
— <
abe

Find a real number 6 > 0 such that
whenever 0 < z < §, we have 1 /2 > 100
and prove that the real number you
found has the required property. Say
what you can about the uniquness of

67
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